We report wide-doping-range (8 10 17 to 4 10 20 cm -3 Hall electron density) low temperature specific heat measurements on single crystal SrTiO3:Nb, correlated with electronic transport data and tight-binding modeling. Lattice dynamic contributions to specific heat are shown to be well understood, albeit with unusual sensitivity to doping, likely related to the behavior of soft modes. Electronic contributions to specific heat provide effective masses that increase substantially, from 1.8 to 4.8me, across the two SrTiO3 Lifshitz transitions. It is shown that this behavior can be quantitatively reconciled with quantum oscillation data and calculated band structure, establishing a remarkably doping-independent mass enhancement factor of 2.0.
Few materials have posed such challenges to condensed matter physics as the perovskite oxide SrTiO3. From the structural and lattice dynamic perspective, this material has revealed an extraordinary low temperature (T) quantum paraelectric state where ferroelectricity is suppressed by quantum fluctuations [1] [2] [3] [4] [5] , in addition to a second-order antiferrodisplacive structural transformation at 105 K [5] [6] [7] [8] [9] . The former is associated with T → 0 softening of a zero wavevector transverse phonon [1] [2] [3] [4] [5] , whereas the latter is related to softening of a zone-boundary octahedral rotation mode [5] [6] [7] [8] [9] . Quantum paraelectricity also leads to interesting physics when SrTiO3 is doped. n-doping with Nb 5+ and La 3+ (for Ti 4+ and Sr 2+ ) has been explored, along with oxygen vacancy doping [10] [11] [12] [13] [14] . Due to the high dielectric constant (>10,000 at low T [1, 3, 4] ), donors in SrTiO3 have unusually large Bohr radii ( 600 nm), vanishing ionization energies, and highly screened ionized scattering potentials [10] [11] [12] [13] [14] . Donor wavefunctions thus overlap at very low electron density (n), generating a remarkable low-density high-mobility metallic state [10] [11] [12] [13] [14] . Metallic transport has been claimed to n < 10 16 cm -3 [14] in fact, with a well-defined Fermi surface down to 10 17 cm -3 [15, 16] .
The very small Fermi surface of this dilute metal has been studied by Shubnikov-de Haas (SdH) oscillations [15] [16] [17] [18] , Angle-Resolved Photoemission Spectroscopy (ARPES) [19] , and Density Functional Theory (DFT) [20] [21] [22] . In the low T tetragonal state, the Ti 4+ t2g states at the conduction band minimum are split by tetragonality (by 2-5 meV) and spin-orbit interactions (by 12-30 meV) [15] [16] [17] [18] [19] [20] [21] [22] . Two Lifshitz transitions thus occur vs. n in SrTiO3, corresponding to first occupation of the tetragonality-split band (at nc1 1.5 10 18 cm -3 ) and the spin-orbit-split band (at nc2 2 10 19 cm -3 ) [15] [16] [17] [18] [19] [20] [21] [22] . The three bands have varying anisotropies and dispersions, leading to effective mass (m * ) that varies from 1.5me (me is the free electron mass) to 4-6 me as the Lifshitz transitions are crossed [16] . While the agreement on band splittings and masses among SdH measurements, SdH and ARPES, and experiment and theory is generally reasonable, significant uncertainties remain, particularly at high n.
Superconductivity leads to further interest in SrTiO3. This was in fact the first oxide superconductor discovered, the first semiconductor known to superconduct, and the first example of a superconducting "dome" [11, 23] . Superconductivity also occurs to extraordinarily low n (3 10 17 cm -3 ), with subtle interplay with band filling [16, 24] , leading to several proposals for novel pairing mechanisms [25] [26] [27] [28] [29] . Recently, normal state transport in doped SrTiO3 has also come under intense scrutiny [21, [30] [31] [32] [33] [34] . In particular, below 60-100 K SrTiO3 has been found to exhibit the T 2 resistivity ( ) often taken as evidence of Fermi liquid behavior [21, [30] [31] [32] [33] [34] . This is a puzzling observation, however. At n < nc1, for example, the tiny Fermi surface, low Fermi temperature, and single filled electron reservoir appear to rule out the scattering processes (e.g., umklapp) typically needed to generate resistivity of the form 0 + AT 2 [32] . The electron scattering rate is also independent of n over four orders of magnitude (or, equivalently, A 1/n), which has been stated to be at odds with theory [33, 34] . These observations, among others, have raised doubts over the Fermi liquid nature of the metallic state in this foundational oxide. The Nb-doped single crystals studied here are some of the same ones used in prior work, and have been characterized by X-ray diffraction [14] , impurity analysis [45] , and resistivity,
Hall effect, mobility ( ), and magnetoresistance measurements [14] . Nb content (x in SrTi1-xNbxO3), n(300 K), (300 K), and (4 K) are shown in Table SII of Supplemental Material   Section B [35] , which also includes a discussion of methods. Briefly, short-pulse relaxation calorimetry was used, with great attention paid to errors associated with thermal coupling and sample-to-addenda CP ratios [46] . Fig. 1 (a) first shows wide T range CP(T) for these crystals.
Aside from small anomalies around the structural transformation at 105-130 K (with doping dependence studied in prior work [9] ), CP(T) is qualitatively as expected, with only minor apparent x dependence. Fig. 1 . Surprisingly, however, D is sensitive to even light doping. As shown in Fig. 2(a) , D increases to 570-590 K at x = 1%, where it plateaus. This increase is above uncertainty, and is in fact readily apparent in Fig. 1(b Fig. 2(a) , whose behavior is mirrored in (x) (Fig. 2(b) ). Note that in all cases the T 5 contribution to CP is indeed substantially smaller than T 3 , as expected.
We contend that established trends in soft mode frequencies in SrTiO3 provide potential explanations for Fig. 2(a,b) . It is known, for example, that the antiferrodisplacive transformation temperature shifts from 105 to 130 K in this x range [9] , which could increase the low T frequencies of the corresponding modes, thereby increasing D. The transformation temperature shift is linear in x, however, which is difficult to reconcile with the sharp increase at low x seen in Fig. 2(a,b) . Alternatively, the T → 0 softening of the ferroelectric mode in SrTiO3 should also weaken with doping (i.e., the frequency should increase), due to screening of inter-dipole interactions. This is analogous to the situation in Sr1-xCaxTiO3-, where increased n suppresses the cubic-to-tetragonal "ferroelectric" transition [47] . Simple estimates indicate that, taking into account the expected decrease in dielectric constant with doping, the Thomas-Fermi screening length could indeed approach the Ti-O-Ti distance at low n in SrTiO3, potentially explaining Fig. 
2(a).
A final interesting point on lattice dynamics is highlighted in Fig. 1(c) , where CP/T 3 is plotted vs. T, to higher T than in Fig. 1(b) . Such plots expose deviations from Debye behavior in this range, as expected for these particular phonons, which are not soft modes.
We now turn to electronic contributions to CP(T). As noted above, analysis of Fig SrTiO3 has been deduced before at certain n [18, 21] , but is shown here to be completely nindependent (see also Fig. 2(c) ). In addition to agreement with SdH measurements, we thus conclude quantitative reconciliation with the calculated band structure, with a mass enhancement factor of 2.0. As in prior work, we attribute the modest mass enhancement to effects such as electron-phonon interaction [18, 21] or electronic correlations. Whatever the origin is, it is apparently unaffected by doping in the range studied here. Significantly, n-independent electronphonon mass enhancement would also suggest that the SrTiO3 superconducting dome is not caused by variations in pairing interaction.
Finally, with Fermi-liquid-like electronic CP established, and a detailed wide-range (n) available, we turn to Kadowaki-Woods scaling. Earlier (T) measurements were supplemented
with additional data, and tested for T Table SI ). 
Section B: Materials and Methods Details
Commercial single crystals of SrTi1-xNbxO3 with x = 0, 0.02, 0.1, 0.2, 1.0, 1.4, and 2.0 at. %, from three suppliers (Crystec, Crystal GmbH, and MTI Corporation), were used in this study.
Details on composition, supplier, 300 K Hall electron density (n), 300 K resistivity ( ), and 4 K mobility ( ) are shown in Table SII , along with some heat capacity parameters discussed below.
As noted in the main text, some of these crystals were previously used in earlier studies by some of us [S10,S11]. They have been characterized by high-resolution X-ray diffraction [S10], temperature-dependent transport and magnetotransport measurements [S10] , and trace impurity analysis [S11] . Note that substantial differences in n are seen between the two crystals with 0.02 at. % Nb, likely due to differing compensation levels. Fig. 1(b) . It must be emphasized, however, that the fit range in Fig. 1(b) from which our key parameters are extracted extends significantly above the temperature range where these problems arise. Additionally, and as emphasized in the main text, we obtain excellent agreement between Debye temperatures and Sommerfeld coefficients obtained from the fits in Fig. 1 (b) (to 9 K), and its inset (to 3-4 K), generating yet further confidence.
CP(T) in
For the crystals not previously studied in ref.
[S10], resistivity and Hall effect measurements were made between 4 and 300 K in a variety of cryostats/magnets. Indium contacts were employed, in a van der Pauw geometry, using AC excitation. Extensive checks were made for non-Ohmicity and self-heating.
Section C: Details on Comparing Effective Masses from Heat Capacity with Shubnikov de

Haas (SdH) measurements
As discussed in the main text, electronic specific heat provides information on the density-of- is thus predicted to gradually grow to 4.9me at nc2, in reasonable agreement with our data from heat capacity (see Fig. 3(b) ). n > nc2: As pointed out in the main text, in this regime SdH data become sparse, especially for band 1, due to low mobility. Data are available at n = 1. to a weaker temperature dependence than T 2 can be seen at the lowest T in some cases, particularly at the extremes of n studied. More detailed analysis is provided in Fig. S3 , which plots the temperature dependence of the exponent, m, in = 0 + AT m , for the same four crystals.
This was determined by numerical differentiation of the data, smoothed with adjacent point averaging over 5 data points (9 data points for the highest n sample, where the T dependence is weak however, m indeed becomes very close to 2.0 over a significant temperature window, consistent with the very good fits in Fig. S2(b,c) . The same overall shape of m(T) is seen as for the lightest doped sample, the peak being at m 3 in these cases. Finally, at 3. [S16]. The overall agreement is good. As previously noted, A 1/n is followed quite closely over a four order of magnitude range in doping. As emphasized by Mikheev et al., A 1/n indicates an essentially doping-independent electron scattering rate. Jacko et al. [S17] have proposed a modified form of Kadowaki-Woods scaling that takes into account carrier density and spatial dimensionality. The solid line in Fig. S5 
